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Asymptotically locally AdS black hole geometries of di-
mension d ≥ 3 are studied for nontrivial topologies of the
transverse section. These geometries are static solutions of a
set of theories labeled by an integer k ∈ {1, 2, ..., [(d − 1)/2]}
which possess a unique globally AdS vacuum. The transverse
sections of these solutions are d− 2 surfaces of constant cur-
vature γ, normalized to γ = ±1, 0 allowing for different topo-
logical configurations. The thermodynamic analysis of these
solutions reveals that the presence of a negative cosmological
constant is essential to ensure the existence of stable equilib-
rium states. In addition, it is shown that these theories are
holographically related to [(d− 1)/2] different conformal field
theories at the boundary.
PACS number(s): 04.50.+h, 04.20.Jb, 04.70.Dy
I. INTRODUCTION
Several formal arguments suggest that at a fundamen-
tal level, the cosmological constant (Λ) should be nega-
tive, in spite of recent observations that favor a positive
effective value at a cosmic scale. As shown by Hawk-
ing and Page [1] the presence of a negative Λ makes
it possible for black holes to reach thermal equilibrium
with a heat bath. Moreover, a negative cosmological con-
stant is required to obtain a correct definition of Noether
charges representing the mass and angular momentum
[2,3]. Even in a spacetime with vanishing Λ, the correct
results are obtained provided the construction is carried
out with Λ < 0 and taking the Λ → 0 limit at the end.
In this sense, Λ acts as a regulator allowing the canonical
ensemble as well as Noether charges, to be well defined.
On the other hand, black holes with Λ > 0 do not
admit a global definition of time, which prevents the ex-
istence of a positive energy theorem. This fact is related
with the nonexistence of a locally supersymmetric exten-
sion of gravity for positive Λ [4].
The topological censorship theorem [5] states that in
asymptotically flat spacetimes only spherical horizons
can give rise to well defined causal structure for a black
hole. This is circumvented by the presence of a negative
cosmological constant, in which case well defined black
holes with locally flat or hyperbolic horizons have been
shown to exist [6–8]. This kind of black holes with topo-
logically nontrivial AdS asymptotics are relevant in test-
ing the AdS/CFT correspondence [9] in the cases where
the thermal CFT is defined on backgrounds of different
topologies such as S1×Rd−2, S1×Sd−2 or S1×Hd−2 [10],
[11,12]. As will be shown, these backgrounds correspond
to the asymptotic regions of the solutions discussed be-
low.
As observed in [13] the renormalization group equa-
tion for a CFT at the boundary should be obtained from
the radial Hamiltonian constraint of a gravitation theory
with higher powers of the curvature.
In dimensions higher than four, in addition to Ein-
stein’s theory, there exist a host of sensible gravity ac-
tions which contain higher powers of the curvature (for a
recent review see e.g. [14] and references therein). A par-
ticular class of these theories gives rise to second order
field equations for the metric, which possess spherical
black hole solutions with a well defined asymptotically
AdS behavior [15]. In this work, that family of black
hole solutions is extended to geometries with locally flat
and hyperbolic horizons, including different non trivial
asymptotic topologies. The thermal behavior of this class
of theories around these solutions is analyzed in detail
and are shown to be holographically connected with dif-
ferent thermal CFT’s.
II. ADS GRAVITY THEORIES IN HIGHER
DIMENSIONS
A minimally sensible gravity theory should be de-
scribed by an action leading to second order field equa-
tions for the metric in order to avoid problems with
causality in the classical theory, or ghosts at the quantum
level. The so called Lanczos-Lovelock gravities are the
only purely metric theories that fulfill this requirement
[16], although they present several problems. For each
dimension, they possess a number of arbitrary constants.
As a consequence, their field equations allow the exis-
tence of spherically symmetric black holes with negative
energy, as well as positive energy solutions with naked
singularities. Moreover, these solutions do not have a
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unique asymptotic behavior and can even spontaneously
jump between distinct geometries [17–19].
These problems can be overcome by requiring the
theories to possess a unique cosmological constant,
which strongly restricts the arbitrary coefficients in the
Lanczos-Lovelock actions. Hence one is led to a set of
theories which, for each dimension d, have a number of
Lagrangians labeled by an integer k which represents the
highest power of curvature in the Lagrangian. The action
reads
Ik = κ
∫ k∑
p=0
ckpL
(p) , (1)
where L(p) is given by
L(p) = ǫa1···adR
a1a2 ···Ra2p−1a2pea2p+1 ···ead, (2)
and
ckp =


l2(p−k)
(d−2p)
(
k
p
)
p ≤ k
0 p > k
, (3)
with
1 ≤ k ≤ [d− 1
2
], (4)
where [x] stands for the integer part of x.
Unlike a generic Lanczos-Lovelock theory, which would
be obtained for arbitrary coefficients ckp, the action Ik
possesses only two fundamental constants, κ and l, re-
lated to the gravitational constant Gk and the cosmolog-
ical constant Λ through1
κ =
1
2(d− 2)!Ωd−2Gk , (5)
Λ = − (d− 1)(d− 2)
2l2
, (6)
where Ωd−2 is the surface area of a unit d− 2-sphere.
The field equations read
ǫba1···ad−1R¯
a1a2 ···R¯a2k−1a2kea2k+1 ···ead−1 = 0, (7)
ǫaba3···adR¯
a3a4 ···R¯a2k−1a2kT a2k+1ea2k+2 ···ead−1 = 0, (8)
where R¯ab := Rab + 1l2 e
aeb and T a is the torsion 2-form.
Note that the Einstein-Hilbert action in d dimensions
is obtained by setting k = 1 in Eq.(1). This is the only
possible choice in 3 and 4 dimensions, while in five or
more dimensions there are other inequivalent theories
with k ≥ 2. In the case d = 5 and k = 2 the Lagrangian
1 The gravitational constant has natural units given by
[Gk] = (length)
d−2k, and l corresponds to the AdS radius.
In this work the conventions of Ref. [15] are followed.
can be cast as the Euler-Chern-Simons form for the AdS
group [20]. The Euler-Chern-Simons form is obtained
from (1) in any odd dimension for the maximum allowed
value k = d−12 . The locally supersymmetric extension of
these last kind theories with negative cosmological con-
stant is known to exist for any odd dimension, in partic-
ular for d = 11 [21].
An illustrative example of the kind of theories consid-
ered here, is the k = 2 case. This action, which exists
only for d > 4, is written in tensor components as
I2 =
−2(d− 3)!κ
l2
∫
ddx
√−g
[
l2R2
2(d− 3)(d− 4) +R − Λ
]
,
(9)
where R2 stands for the Gauss-Bonnet density,
R
2 := (RµναβR
µναβ − 4RµνRµν +R2). (10)
In this paper, only torsion-free solutions will be con-
sidered, so that Eq. (8) is trivially satisfied.
III. TOPOLOGICAL SOLUTIONS
Let us consider d-dimensional static spacetimes whose
spatial sections are foliated along the radial direction by
(d − 2)-dimensional transverse surfaces Σγ of constant
curvature γ. In terms of Schwarzschild-like coordinates,
the metric can be written as
ds2 = −N2(r)f2(r)dt2 + dr
2
f2(r)
+ r2dσ2γ , (11)
where −∞ < t < ∞, and 0 ≤ r < ∞ is the radial coor-
dinate for which r → ∞ defines the asymptotic region.
The arc length dσ2γ corresponds to the distance on Σγ .
Substituting the ansatz (11) in the field equations (7),
leads to the following equations for N(r) and f2(r),
dN
dr
= 0, (12)
d
dr
(
rd−1
[
Fγ(r) +
1
l2
]k)
= 0, (13)
where the function Fγ(r) is given by
Fγ(r) =
γ − f2(r)
r2
. (14)
By virtue of Eqs. (12) and (13), N is a constant, which
can be chosen as 1 (see Appendix A1), and
f2(r) = γ +
r2
l2
− α
(
2µGk
rd−2k−1
) 1
k
(15)
respectively, where α = (±1)k+1.
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The constant γ can be normalized to ±1, 0 by an ap-
propriate rescaling of the coordinates. Thus, the local
geometry of Σγ is a sphere, a plane
2 or a hyperboloid,
Σγ locally =


Sd−2 γ = 1
R
d−2 γ = 0
Hd−2 γ =− 1
.
The solution (15) may vanish for some values of r. The
largest zero of f2(r) corresponds to the outer horizon r+
which allows to express the integration constant µ as
µ =
r
(d−2k−1)
+
(
γ +
r2+
l2
)k
2Gk
, (16)
and is related to the mass M through
µ =
Ωd−2
Σd−2
M +
1
2Gk
δd−2k,γ . (17)
Here Σd−2 is the volume of the transverse space, and
Ωd−2 corresponds to the volume of S
d−2. Note that the
mass is shifted with respect to the integration constant
µ only for d− 2k = 1 = γ, which corresponds to a spher-
ically symmetric solution in Chern-Simons (CS) theory
(See Appendix A1). Summarizing, for a fixed value of
the label k in d-dimensions, the action Ik in Eq. (1) is
extremized by the metric
ds2 = −
(
γ +
r2
l2
− α
(
2Gkµ
rd−2k−1
)1/k)
dt2 +
dr2(
γ + r
2
l2 − α
(
2Gkµ
rd−2k−1
)1/k) + r2dσ2γ , (18)
with α = (±1)k+1, whose asymptotic behavior is locally
AdS, for any topology of Σγ .
Note that the µ = 0 solution
ds2 = −
(
γ +
r2
l2
)
dt2 +
dr2(
γ + r
2
l2
) + r2dσ2γ , (19)
is a locally AdS manifold, which is a common solution
to the Eqs. (7) and (8) for any value of k, in particular
for Einstein’s theory (k = 1). As discussed in [7,8], when
the transverse section is locally hyperbolic (γ = −1),
although the metric (19) possesses a horizon at r+ = l ,
it may not describe a black hole. If the transverse section
Σ−1 has topology R
d−2, Eq. (19) is not a black hole,
but it could be one provided suitable identifications are
2 For γ = 0 it is necessary that at least one direction of Σ0
be compact, otherwise the integration constant µ could be
rescaled away.
performed on Σ−1, analogous to the BTZ solution [22],
[23].
Note that for theories with odd k, the line element (18)
is real for all values of the integration constants, however
for even k only positive µ is allowed. In what follows it
is shown that this metric describes black holes if f2(r)
has at least one zero, and they are naked singularities
otherwise. It is apparent from (18) that the theory with
d− 2k − 1 = 0 must be treated separately.
A. Generic theories: d− 2k 6= 1
In Fig.1, the zeros of f2(r) correspond to the inter-
sections of the parabolas
(
γ + r
2
l2
)
and the functions
α
(
2Gkµ
rd−2k−1
)1/k
, for γ = 0,±1, and different values of
α and µ respectively.
l
 α = 1, µ > 0
α = 1, µ < 0  
 
α =−1, µ > 0
Extremal
Black Hole
γ = 0γ = 1 γ =−1
l                     r
0
1
-1
FIG. 1. The horizons are located at the zeros of f2(r),
which occur at the intersections of the parabolas
(
γ + r
2
l2
)
and the functions α
(
2Gkµ
rd−2k−1
)1/k
. These are displayed for
γ = 0,±1, and different values of α and µ. There exist a
single horizon for α = 1 and µ ≥ 0. Two horizons arise either
for α = 1 and µc < µ < 0, or for α = −1 and 0 < µ < µc. In
the extreme case, both horizons coalesce for µ = µc.
It is necessary to consider separately the theories of
even and odd k. The range of µ for which black holes
exist is summarized for different values of γ and k in the
following table.
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Generic theories (d− 2k 6= 1)
γ = 1 γ = 0 γ = −1
odd k (α = 1) µ > 0 µ > 0 µ ≥ µc : µc < 0
even k µ > 0 µ > 0
α = 1 : µ ≥ 0
α = −1 : µc ≥ µ ≥ 0
(20)
For γ = −1 there is a critical value µc given by
µc =
(−1)kld−2k−1
2Gk
√
(d− 2k − 1)d−2k−1(2k)2k
(d− 1)d−1 , (21)
which separates topological black holes with hyperbolic
transverse section from naked singularities.
• γ = 1:
This case corresponds to the static, spherically sym-
metric black holes analyzed in Ref. [15]. They have a
single event horizon, provided µ > 0. For any integer k
such that 1 ≤ k < (d−1)/2, these solutions share a com-
mon causal structure with the Schwarzschild-AdS4 black
hole solution of Einstein’s theory (k = 1).
• γ = 0:
In this case, the set of geometries described by (18)
possess locally flat transverse sections Σ0, which are as-
sumed to be orientable. The metric describes a topolog-
ical black hole for each k, with a unique event horizon
located at
r+ = (2µGkl
2k)
1
d−1 , (22)
for any positive µ. Considering that at least one of the
transverse directions must be compact, this solution can
be cast as a black (d−3)-brane3, whose worldsheet could
be further wrapped. The vacuum configuration (µ = 0)
is given by the locally AdS manifold, described by the
metric
ds2 = −r
2
l2
dt2 +
l2
r2
dr2 + r2dσ20 , (23)
which has no analogous in the vanishing cosmological
constant limit.
• γ = −1:
In this case, the set of metrics in Eq. (18) describe
topological black holes which possess a different behavior,
depending on whether k is odd or even. For all values
of k, the exceptional case µ = 0 possesses a horizon at
r+ = l, which could be a black hole depending on the
3This solution can also be interpreted as a (d−2)-brane with
a least one spatial direction wrapped up.
topology of the transverse section Σ−1. Both subcases
–odd and even k– must be distinguished.
◦ Generic Theories with Odd k:
For theories with odd k, if µ ≥ 0 there is always a
single horizon of radius r+ ≥ l. The causal structure is
the same as that of the case γ = 1, discussed above.
It is noteworthy that black hole solutions with negative
mass densities can also exist for odd k. If µc < µ <
0, with µc given by (21), the singularity at r = 0 is
surrounded by two horizons, r− and r+, and the causal
structure is analogous to that of the Reissner-Nordstrom
solution with negative cosmological constant. For the
critical value µ = µc both horizons coalesce at
rc = l
√
d− 2k − 1
d− 1 , (24)
which corresponds to the extremal solution. The critical
radius rc is the smallest possible size of the outer horizon
for the black holes within this family.
◦ Generic Theories with Even k:
For each even k there are two families of solutions la-
beled by α = ±1 in (18) with positive mass.
The branch with α = 1, describes black holes for µ ≥ 0
with a single horizon at r+ ≥ l, and with the usual causal
structure. The bound µ = 0 is saturated by the metric
(19).
The black hole solutions belonging to the branch with
α = −1, have an unusual mass range, bounded above and
below by µc ≥ µ ≥ 0, which in terms of the horizon radius
means rc ≤ r+ ≤ l. The positive upper bound µc is given
by (21). For µc > µ > 0 the solutions have two horizons
r− and r+, however, unlike the standard solutions, as the
mass increases, r+ decreases. At first sight this might
seem to contradict the second law of thermodynamics,
but this is not the case. The configuration µ = 0 will be
excluded on thermodynamic grounds, as will be shown
in section IV.
The extreme case, µ = µc corresponds to the limit in
which the horizons merge at rc given by (24), which is
the smallest possible radius also in this case.
It is worth noting that if one considers a fixed mass
parameter in the range µc ≥ µ > 0, there exist two dif-
ferent topological black hole solutions, corresponding to
the α = +1 and α = −1 branches, whose horizon radii
are larger and smaller than l, respectively.
B. Chern-Simons theories: d = 2k + 1
In these theories, the functions α
(
2Gkµ
rd−2k−1
)1/k
degen-
erate into horizontal straight lines and therefore f2(r) in
Eq. (15) possesses only a simple zero at
r+ = l
√
α (2Gkµ)
2/(d−1) − γ.
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This means that these solutions are black holes with a
unique event horizon. Again, it is necessary to distin-
guish the theories with even and odd k, corresponding to
dimensions d = 4n+ 1 and d = 4n− 1 respectively. The
following table shows the allowed range of µ for which
black holes exist (r+ ≥ 0)
Chern-Simons theories
γ = 1 γ = 0 γ = −1
odd k
(α = 1)
µ ≥ 12Gk µ > 0 µ ≥ − 12Gk
even k µ ≥ 12Gk µ > 0
α = 1 : µ ≥ 0
α = −1 : 12Gk ≥ µ ≥ 0
(25)
As in the previous case, black holes with different val-
ues of γ are analyzed separately.
• γ = 1:
The spherical black holes were discussed in Ref. [24],
and in further detail in [15]. As seen in Eq. (17), the
lower bound µ = 12Gk corresponds to the zero mass black
hole (M = 0), which is separated by a mass gap from
AdS spacetime (M = − 12Gk ). These black holes have
a common causal structure with the (2 + 1)-dimensional
solution [25].
• γ = 0:
As for the generic theories (d−2k 6= 1), the locally flat
transverse section Σ0, is assumed to be orientable with at
least one compact direction. In that theory, the metric
(18) describes a black (d − 3)-brane, whose horizon is
located at r+ = l(2Gkµ)
1/(d−1), as is obtained from (22)
for d − 2k = 1. Unlike the γ = 1 case, the black brane
vacuum (µ = 0) corresponds to the same metric as in the
generic case given by (23), and there is no energy gap.
• γ = −1:
As in the generic theories, solutions (18) describe topo-
logical black holes for the range of masses included in
table (25), except that for µ = 0, the metric (19) may or
may not be a black hole, depending on the topology of
Σ−1. Unlike the generic theory, these family of topologi-
cal black holes possess a single event horizon r+ even for
negative values of µ.
The minimum size of this kind of black holes is rc =
0, as can be seen from Eq. (24), whose critical mass
parameter is given by
µc =
(−1)k
2Gk
. (26)
As in the generic case, the massive solutions of Chern-
Simons (CS) theories have different features, for odd and
even k.
◦ CS theories with Odd k (d = 4n− 1):
The solution (18) describes black holes with a single
event horizon for µ ≥ µc = − 12Gk , and naked singularities
otherwise.
◦ CS theories with Even k (d = 4n+ 1):
Two families of solutions with positive mass labeled by
α = ±1 are obtained.
The branch with α = +1, describes black holes with
µ ≥ 0 and r+ ≥ l, where the bound µ = 0 is saturated
by (19).
The mass range of the black holes with α = −1 is
bounded above and below by 0 ≤ µ ≤ µc = 12Gk , which
in terms of the horizon radius means l ≥ r+ ≥ 0. Note
that for α = −1, the mass is a decreasing function of r+.
If the mass parameter is in the range µc ≥ µ > 0, two
inequivalent topological black hole solutions are found,
corresponding to the branches α = ±1, as in the generic
theory.
Note that the static 2 + 1 black hole is obtained from
Eq. (18) for γ = 1 as well as for γ = 0, because in three
dimensions the transverse section degenerates to S1.
C. Vanishing cosmological constant limit
The full set of topological black hole metrics discussed
here approach asymptotically a locally AdS spacetime
with radius l, whose curvature at the boundary satisfies
Rab → −l−2eaeb. Hence, the asymptotically flat limit is
obtained for l→∞, instead of taking the vanishing limit
of the volume term (ck0 → 0). The vanishing cosmological
constant limit of the solutions in Eq. (18) coincides with
the solutions of the l → ∞ limit of the action Ik, or
equivalently, taking the same limit in the field equations
(7) and (8), which amounts to replacing R¯ab by Rab [15].
The asymptotically flat limit of (18) is given by
ds2 = −
(
γ − α
(
2Gkµ
rd−2k−1
)1/k)
dt2 +
dr2
γ − α
(
2Gkµ
rd−2k−1
)1/k + r2dσ2γ . (27)
Hence, in case of vanishing Λ, these metrics describe
black holes only for the spherically symmetric solutions
in the non-CS case (γ = 1, and d− 2k − 1 6= 0), with an
event horizon located at r+ = (2GkM)
1/(d−2k−1).
Some of the topological black holes discussed here have
been previously reported elsewhere. The case of Einstein-
Hilbert action –corresponding to k = 1 in our analysis–,
was extensively studied in [7] and [8]. The topological
black holes corresponding to k = 1, possess a geometry
resembling just those found for the actions Ik in Eq. (18)
with odd k; in fact, they possess the same causal struc-
ture. However, as is shown below, the thermodynamic
behavior corresponding to the Einstein-Hilbert case dif-
fers from the other odd k theories.
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The theories with k = [d−12 ] were studied in [26] for odd
k, which correspond to Chern-Simons and Born-Infeld
theories in dimensions d = 4n− 1, 4n respectively.
IV. THERMODYNAMICS
A. Temperature and specific heat
The black hole temperature is defined in the standard
way as β = 1κBT , where κB is the Boltzmann constant,
and the period β = 4π
(
df2
dr
∣∣∣
r+
)−1
is found by demand-
ing regularity of the Euclidean solution at the horizon.
Thus,
T =
(d− 1)
4πκBl2
r2+ + γr
2
c
kr+
, (28)
where rc is the critial radius defined in Eq. (24). Note
that for CS theories the temperature has the universal
expression
TCS =
r+
2πκBl2
, (29)
which does not depend on d or γ. For generic theories
with γ = 0, the temperature is also a linear function of
r+, and this result is approximated for r+ ≫ l in all the
other cases.
0 r
γ=1
γ=0 γ=−1
T
r                r
                   +c
FIG. 2. The temperature as a function of r+ is depicted for
generic theories with γ = 0,±1. For γ = 1 the temperature
has a minimum at r+ = rc. When γ = 0 the temperature
is a linear function of r+. For γ = −1 the temperature is
an increasing function of r+ that vanishes at r+ = rc. For
r+ ≫ l the temperature grows linearly with r+ for all cases.
For CS theories the three curves are replaced by the γ = 0
straight line with a universal slope.
The specific heat C = dMdT is given by
C = k
2πκB
Gk
Ωd−2
Σd−2
rd−2k+
(
γ +
r2+
l2
)k−1 [
r2+ + γr
2
c
r2+ − γr2c
]
,
(30)
which for r+ >> l grows like C ∼ rd−2+ . Combining
formulas (28) and (30) with the mass parameter µ(r+)
defined in Eq. (16), it is possible to investigate whether
these topological black holes can reach thermal equilib-
rium with a heat bath at temperature TB.
B. Thermal equilibrium
• γ = 1 :
The thermodynamic equilibrium of spherically sym-
metric black holes (γ = 1) was discussed in Ref. [15]. In
this theory, for d−2k−1 6= 0, the temperature (28) has a
minimum Tc =
√
(d−2k−1)(d−1)
2piκBkl
at r+ = rc = l
√
d−2k−1
d−1 .
The specific heat (30) is positive for r+ > rc, and has the
opposite sign for r+ < rc; and near the critical radius
behaves as C ∼ (r+ − rc)−1, signaling the existence of a
phase transition. Two generic situations may occur.
(i) TB > Tc: In this case there are two possible equilib-
rium states of radii ru (unstable) and rs (locally stable),
with ru < rc < rs. Thus, if the initial state has r+ < ru,
the black hole cannot reach the equilibrium because it
evaporates until its final stage. Otherwise, for r+ > ru,
the black hole evolves towards an equilibrium configura-
tion4 at r+ = rs.
(ii) TB < Tc: Under this assumption, a black hole
cannot reach a stable equilibrium state and is doomed to
evaporate.
In the special case of d−2k = 1 (CS), the specific heat
(30) is always positive, hence the equilibrium configura-
tion is always reached, independently of the initial black
hole state and for any finite temperature TB.
• γ = 0 :
In case of black holes with a locally flat transverse sec-
tion (γ = 0), the temperature (28) grows linearly with
r+
T =
1
k
(d− 1)
4πκB
r+
l2
, (31)
and the specific heat is
C = k
2πκB
Gkl2k−2
Ωd−2
Σd−2
rd−2+ ,
4 Curiously, the minimum size for which a spherical black
hole can be at equilibrium with a heath bath (rc) corresponds
to the smallest size of a topological black hole with hyperbol-
ical transverse section.
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which implies that, independently of the initial black hole
state, thermal equilibrium at some r+ = rs, is always
reached for any finite temperature of the heat bath TB.
• γ = −1 :
For all theories labeled with different k, the tempera-
ture of the topological black holes with hyperbolic trans-
verse sections is a monotonically increasing function of r+
which vanishes at the smallest possible size for a black
hole, r+ = rc. This is consistent with the fact that for
the extremal solution, r+ = rc, the Euclidean r− t plane
has the topology of a cylinder and hence β is arbitrary.
The massless topological black hole in Eq. (19) has a
horizon at r+ = l and a universal temperature given by
Tl =
1
2πκBl
. (32)
The specific heat (30) has a simple zero at r+ = rc and
a zero of order k − 1 at r+ = l. This second root is a
local minimum for odd k and a saddle point5 for even k.
Thus, the approach to equilibrium depends on the parity
of the integer k.
0
EH (   = 1)         Even           Odd 
            T
µ
µ
µ
even
odd
c
c
Tl
                  k kk
FIG. 3. The mass parameter (µ) as function of the tem-
perature is depicted for γ = −1 solutions. For even k, µ has
a local maximum at T = 0 and an absolute minimum at Tl.
For odd k, the mass parameter has an absolute minimum at
T = 0 and an inflexion point at Tl for k 6= 1. The specific heat
vanishes at these critical points. For even k the specific heat
is negative for T < Tl. For odd k 6= 1, the inflexion point at
T = Tl signals the existence of a “volatile point”. For the EH
case (k = 1) there is not such volatile state, since the specific
heat has an absolute minimum at T = 0.
5 Except for k = 2, in which case C has a simple zero at
r+ = l.
1. Theories with odd k:
For k 6= 1, as depicted in Figs. 2 and 3, the tempera-
ture is a strictly increasing function of µ and the specific
heat is a nonnegative for the allowed range of r+, for
k 6= 1. This implies that equilibrium with a heat bath
at temperature TB is always reached for any initial black
hole state. Moreover, since the specific heat vanishes for
the local minimum at r+ = l , the topological black hole
behaves as a “volatile” system near the massless configu-
ration, as there is a sudden increase in temperature with
an infinitesimal increase in µ.
For the EH action (k = 1) the specific heat neither van-
ishes nor has a minimum at r+ = l, as seen in Fig. 3. This
means that equilibrium with a heat bath is also attained
for any initial configuration, and there is no “volatility
point” at all.
2. Theories with even k:
As shown in Fig. 3, the topological black holes in all
theories with even k have positive specific heat for r+ > l
-corresponding to the branch with α = +1-, while C < 0
for rc < r+ < l (for α = −1 ). The zero of the spe-
cific heat at r+ = l, which corresponds to the massless
topological black hole in Eq. (19) at temperature Tl,
gives rise to two different scenarios depending whether
the heat bath temperature is above or below Tl.
(i) TB < Tl: If the initial state of the topological
black hole is at a temperature above TB, both branches
(α = ±1) reduce their masses, reaching a stable vacuum
configuration out of thermal equilibrium at temperature
Tl and zero mass. On the contrary, if the initial state is
at T < TB (which can only occur for the branch α = −1),
the black hole increases its mass tending towards the ex-
treme state with T = 0 and µ = µc. Hence, the configu-
ration at thermal equilibrium (T = TB) is unstable.
(ii) TB > Tl: If the initial state of the topological black
hole belongs to the upper branch (α = +1 and T > Tl),
the equilibrium with the heat bath is always attained, in
agreement with the positive specific heat of this branch.
Conversely, a black hole in the lower branch will move
away, reducing its temperature and increasing its mass,
towards the extreme configuration. Note that now the
vacuum configuration µ = 0 is unstable.
3. Thermodynamics and topology fixing for γ = −1
As mentioned in Sec. III for the γ = −1 case, the
massless state (19) could be construed as a black hole or
not, depending on the topology of the transverse section.
The above thermodynamic analysis shows that the state
µ = 0 admits a standard black hole interpretation for
odd k but not for even k.
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To see this, consider a nearly massless black hole in
vacuum (in a heat bath at zero temperature): in a theory
with even k both branches (α = ±1) approach a final
state at µ = 0 and T = Tl which cannot loose energy
further as that would make the metric complex. In this
sense, this final state cannot be interpreted as a standard
black hole. On the other hand, for theories with odd k
the µ = 0 configuration behaves as a volatile state which
radiates violently, decaying into a negative mass black
hole.
Thus, the thermodynamics provides a criterion to re-
strict the topology of the transverse section Σ−1: for odd
k, the transverse section must have a topology such that
the geometry for µ = 0 is a black hole; on the contrary,
for even k, the topology of the transverse section must be
chosen so that the massless solution is not a black hole.
C. Entropy
An analytic expression for Entropy as a function of the
horizon radius r+, can be obtained in the semiclassical
approximation from the Euclidean version of the action
Ik (See Appendix). Alternatively, the entropy can be
obtained from the first law of thermodynamics, dM =
TdS, as
dSk
dr+
=
Σd−2
TΩd−2
dµ
dr+
, (33)
which, upon substitution of Eqs. (16) and (28), yields
dSk
dr+
= k
2πκBΣd−2
Ωd−2Gk
r
(d−2k−1)
+
(
γ +
r2+
l2
)k−1
. (34)
This expression shows that the entropy is a monotonically
increasing function of r+ for all cases, except if k is even
and γ = −1, in which case it is decreasing in the range
rc < r < l.
For γ = 1, 0 the entropy Sk(r+) is given by
Sk = κB
2kπΣd−2
Ωd−2Gk
∫ r+
rmin
r(d−2k−1)
(
γ +
r2
l2
)k−1
dr ,
(35)
for which the lower integration limit is chosen as rmin = 0,
so that the vacuum (r+ = 0) has vanishing entropy. For
γ = −1 , expression (35) is valid also for theories with
odd k, provided r+ > rc.
In the exceptional case (even k, γ = −1), Eq.(34)
implies that the entropy attains an absolute minimum
at the vacuum configuration (r+ = l). Hence, the lower
integration limit is naturally chosen as rmin = l in order
to have nonnegative entropy6. Superficially, the fact that
6 Note that in this case the entropy vanishes for r+ = l,
in the range rc < r+ < l, the entropy is a decreasing
function of r+, would seem to violate the second law of
thermodynamics. However, this range of r+ corresponds
to the branch with α = −1, for which the mass is also
a decreasing function of r+ and hence ∂S/∂M = 1/T ,
which is a positive quantity, as shown in Fig. 2.
All solutions with γ = 0 obey an “area law” for all k:
Sk = κB
2πk
(d− 2)Ωd−2Gkl2(k−1)A , (36)
which in standard units is
Sk = k
G
Gkl2(k−1)
SEH ,
where the Einstein Hilbert entropy reads SEH =
κB
G˜
A
4 ,
and A = Σd−2r
d−2
+ is the horizon area. It is important
to note that for γ ± 1 the entropy (35) approaches the
area law (36) in the limit r+ ≫ l.
D. Canonical Ensemble
For spherically symmetric black holes in the four-
dimensional Einstein theory, it was shown in Ref. [1] that
the canonical ensemble is well defined provided a nega-
tive cosmological constant is included. Those arguments
can be extended to higher dimensions and for theories de-
scribed by the action (1) [15]. It can be similarly shown
that the canonical ensemble is also well defined for the
whole set of topological black hole solutions considered
here.
In the present case the partition function is given by
Zkγ (β) =
∑
α
∫
ρα(M)e
−βMdM, (37)
where the sum extends over α = ±1 only for even k and
γ = −1, while for all other cases α = 1 only. Integrating
in r+, this expression reads
Zkγ (β) =
∫
∞
rc
ρ(r+)e
−βM
∣∣∣∣∂M∂r+
∣∣∣∣ dr+, (38)
for all cases. As the density of states is given by ρ(r+) =
exp(Sk/κB), the convergence of (38) depends on the be-
havior of Sk and M for r+ ≫ l. Combining Eqs. (16)
and (36), the integral (38) can be seen to converge for all
k and γ. In fact, the integrand of (38) takes the conver-
gent form exp[−βM + aM d−2d−1 ] (a > 0) for Λ = −l2 6= 0,
whereas for Λ = 0, it behaves as exp[−βM + aM d−2kd−2k−1 ]
and diverges for all k.
where the temperature is nonzero (T = (2piκB l)
−1). This
situation is not completely new, as it is found for instance
in stringy dilatonic black holes [27]. These configurations are
physically acceptable provided the black hole has a mass gap,
a condition which is met by the solutions presented here.
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E. Connection with thermal CFT’s.
In the context of the Maldacena’s AdS/CFT dual-
ity conjecture (see e.g. [9] and references therein), a d-
dimensional Euclidean gravity theory with asymptotic
AdS behavior can be described by a suitable thermal con-
formal field theory on its boundary [10]. The fact that
the actions Ik –defined in Eq.(1)– describes up to
[
d−1
2
]
inequivalent gravity theories in the bulk, would imply
the existence of an equal number of different (d − 1)-
dimensional dual CFT’s at the boundary. The asymp-
totic behavior of these gravity theories, which can be
read from the metrics (18), should be reconstructed from
this set of CFT’s at the boundary through the UV/IR
relation. This relation states that different radial posi-
tions are mapped to different field theory scales, in such
a way that the infrared effects in the bulk correspond to
ultraviolet effects on the theory at the boundary [28].
In particular, certain type of CFT renormalization
group equation can be generated by the action of the
radial Hamiltonian constraint in the bulk [13]. It is ex-
pected that deviations from the proposed renormaliza-
tion group flow should result from modifying the Hamil-
tonian constraints by the inclusion of higher curvature
terms in the action. Thus, the set of actions given by Idk
enhances the repertoire of theories which could provide
a concrete holographic interpretation of gravity.
The different asymptotic regions of the black holes
discussed here provide inequivalent background space-
times where the corresponding dual CFT’s are realized
[11,12]. Thus, CFT’s defined on S1 × Rd−2, S1 × Sd−2
or S1 ×Hd−2 are connected with black holes in the bulk
for γ = 0, 1, or −1, respectively.
Some insight about the correspondence can be gained
by looking at the thermodynamic quantities in the sim-
plest case corresponding to a thermal CFT on a flat back-
ground, that is, on S1 × Rd−2. In this case, conformal
invariance is sufficient to fix the energy to be of the form
ECFT = σSBVCFTβ
1−d
CFT , (39)
where σSB is the Stefan-Boltzmann constant. Using the
first law of thermodynamics, the entropy can be written
as7
SCFT =
d− 1
d− 2σ
1
d−1
SB VCFT
(
ECFT
VCFT
) d−2
d−1
, (40)
The precise expression for σSB is determined by the
dynamical structure of the specific CFT considered, and
is a growing function of the number of degrees of freedom.
In terms of the AdS/CFT correspondence, this CFT can
be viewed as defined on the boundary of the Euclidean
7 The form of S can also be inferred demanding the entropy
to be extensive and conformally invariant.
space for the metric (18) with γ = 0 at a large fixed
radius r0 ≫ r+. Hence, VCFT corresponds to the volume
of the transverse section, given by
VCFT = Σd−2r
d−2
0 . (41)
Correspondingly, the temperature at r0 is given by the
red-shifted black hole temperature as
TCFT =
l
r0
T ,
where T is given by Eq. (31). Consequently, the energy
ECFT in Eq. (39) corresponds to the red-shifted black
hole mass,
ECFT =
l
r0
M, (42)
provided the Stefan-Boltzmann constant is given by
σSB =
1
2Ωd−2
(
4πk
d− 1
)d−1
ld−2k
Gk
. (43)
Plugging expressions (39), (41) and (43 ) into Eq. (40),
allows expressing SCFT in terms of the black hole mass
density,
SCFT = k
(
l2(d−k−1)
Gk
) 1
d−1 2πκB
(d− 2)
Σd−2
Ωd−2
(2µ)
d−2
d−1 , (44)
which precisely matches the black hole entropy Sk for
γ = 0 in Eq. (36).
It is worth noting that the entropy grows linearly with
k, the highest power of curvature in the action. More-
over, Eq. (43) relates the integer k to the number of
degrees of freedom of the corresponding CFT at strong
coupling. For the case of standard five-dimensional su-
pergravity (k = 1), which is conjectured to be dual to
four dimensional SYM with N = 4 at large N , the en-
tropy relation (44) is reproduced up to a numerical factor
[10].
Finally, note that the entropy matching between black
holes with γ = 0 and CFT’s on a flat background S1 ×
R
d−2 is exact for all values of β, but it is not necessarily so
for CFT’s defined on S1×Sd−2 and S1×Hd−2, i.e.,γ = 1
and −1 respectively. Although the exact expression for
the entropy of a CFT on a generic curved background
is unknown, an approximate result can be established
for γ = ±1 in the limit β → 0. In fact, for γ = ±1,
the curvature of the transverse section is ±1/r20 and, by
conformal invariance, the entropy should be a function of
β/r0 only. Hence, the large r0 limit is equivalent to β → 0
and therefore the high temperature limit is reproduced if
the horizon radius is very large 8 (r+ >> l). Thus it is
8 In generic theories (non CS) theories with γ = 1, the limit
β → 0 can be obtained for r+ << l. This branch, however,
is thermodynamically unstable and this fact could be inter-
preted as a confined phase in the CFT [10].
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concluded that the entropy of a CFT and that of a black
hole approach the same expression given by (36) in the
high temperature limit, provided σSB is chosen as in Eq.
(43).
V. SUMMARY AND COMMENTS
Static black hole-like geometries, possessing topologi-
cally nontrivial AdS asymptotics have been found as solu-
tions of a family of gravity theories which admit a unique
global AdS vacuum. These theories and their correspond-
ing solutions are classified by an integer k, which is the
highest power of curvature in the Lagrangian. These so-
lutions are further labeled by the constant γ = ±1, 0,
representing the curvature of the transverse section.
Locally spherical transverse section: The case
γ = 1 leads to a natural splitting between generic and
CS theories (d − 2k = 1). In the first case, the causal
and thermodynamic properties resemble those of the
Schwarzschild-AdS black hole. In the CS case, black
holes behave like the 2 + 1 solution.
Locally flat transverse section: The case γ = 0
corresponds to (un-)wrapped black branes, for all values
of d, k and M > 0 exhibiting the same causal structure
as a Schwarzschild-AdS black hole, but whose thermody-
namic properties are analogous to those of a 2+1 dimen-
sional black hole. Therefore, they possess a single event
horizon, their temperature is a linear function of r+, and
hence they reach thermal equilibrium with a heat bath at
any temperature. Moreover, the entropy follows an area
law, Sk = κB
2pik
(d−2)Ωd−2Gkl2(k−1)
A.
Locally hyperbolic transverse section: The case
γ = −1 naturally leads to a splitting between theories
with even and odd k which are treated separately. In
addition, the Einstein-Hilbert action (k = 1) and the CS
cases exhibit a special behavior.
a)Odd k. In this case, solutions with non-negative
mass have a single horizon radius larger than l and their
causal structure is analogous to that of the γ = 1 case
discussed above. For M < 0, in the generic case there
are two horizons with the same causal structure as the
Reissner-Nordstrom AdS black hole, but where r+ and
r− cannot be independently adjusted because they are
functions of a single parameter (µ). The extremal case
corresponds to the lower bound for both mass and r+
(M ≥ Mc < 0 and r+ ≥ rc). The temperature is a
strictly increasing function of the mass and hence the
specific heat is non-negative for the entire physical range
(r+ ≥ rc). This means that equilibrium with a heat bath
can always be reached. The specific heat vanishes at r+ =
l, signaling the existence of “volatile” configurations near
the massless state. The Einstein theory (k = 1) is singled
out in this respect, since its specific heat neither vanishes
nor has a minimum at the massless configuration and
therefore exhibits no volatile behavior.
b) Even k. These theories possess an interesting set
of black hole solutions with hyperbolic transverse sec-
tion. In this case, there exist two independent branches
for a given mass: the branch with α = 1 describes
single horizon black holes with r+ ≥ l. They have
non-negative mass and the usual causal structure. The
other branch (α = −1), has a non-standard mass range
µc ≥ µ > 0, and the corresponding range of horizon
radius is rc ≤ r+ < l. On the other hand, solutions be-
longing to this latter branch present two horizons and
curiously, r+ is a decreasing function of the mass, unlike
the standard black holes. The extreme case corresponds
to the smallest possible size of the horizon radius (rc),
which has the largest possible mass (µ = µc).
The following remarks on the thermodynamics are in
order.
• Topological black holes with hyperbolic transverse
section and even k can reach thermal equilibrium only if
the temperature of the bath is higher than that of the
massless (r+ = l) configuration (TB > Tl), and if the
initial state of the black hole belongs to the upper branch
(α = +1 and T > Tl). Otherwise, the fate of the black
hole is to approach either the vacuum (µ = 0), or the
extremal configuration (µ = µc), as discussed in section
IVB.
• It is remarkable that for γ = −1, thermodynamics
restricts the topology of the transverse section Σ−1: for
even k it must be such that the configuration µ = 0 is
not a black hole, whereas for odd k, the massless con-
figuration must be a black hole, which for instance can
be obtain through suitable identification in the covering
space of the transverse section.
• For CS theories the temperature has a universal lin-
ear dependence on r+ for all d and γ.
• Solutions with γ = −1, of CS theories always pos-
sess a single horizon and have qualitative thermodynamic
behavior for even and odd k.
• The canonical ensemble is well defined for all values
of the parameters d, k, µ and γ, provided a negative cos-
mological constant is present. Otherwise, the partition
function diverges.
• In the vanishing cosmological constant limit, only the
spherically symmetric solutions (γ = 1) with d − 2k 6= 1
are black holes.
Holography: The topological black hole solutions
found here shed some light on holography in the sense
of the AdS/CFT correspondence. It has been shown
that the black hole thermodynamics for γ = 0 can be
described in terms of a CFT at the boundary, for all
the theories considered here. For γ = ±1 the matching
occurs for r+ ≫ l. Thus, Einstein’s theory is not the
only one which admits a holographic interpretation, but
the whole set of gravitational theories presented here do.
The exact matching with a CFT is achieved provided the
value of the Steffan-Boltzmann constant is a fixed func-
tion of d and k given by Eq. (43). Since σSB ∼ kd−1,
the number of degrees of freedom in the CFT must in-
crease with the power of the curvature in the bulk grav-
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itational theory. Hence, the AdS/CFT correspondence,
in this sense, suggests the existence of
[
d−1
2
]
inequivalent
(d − 1)-dimensional dual CFT’s, one for each action Ik,
enlarging the options for concrete holographic interpre-
tation of gravity. In particular, in five dimensions there
are two gravitation actions within this family (EH and
CS), which are candidates in equal footing to realize the
AdS/CFT correspondence.
One could speculate that for CS gravity, the asymp-
totic dynamics would be described by some higher di-
mensional generalization of the WZW model (See, e.g.,
Refs. [29–32]). Thus, WZW models may be relevant to
count the microstates responsible for the entropy of these
black holes.
Topological black hole metrics in eleven dimensions
with k = 5 are also solutions of a supergravity the-
ory, described in terms of a CS action with gauge group
0Sp(32|1) [21]. Furthermore, it can be shown that some
of them admit Killing spinors [33]. This claim might seem
surprising as no local supersymmetric extension exists
for the EH action with cosmological constant in eleven
dimensions [34].
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APPENDIX A: MASS AND ENTROPY FROM
BOUNDARY TERMS
1. Mass
The aim of this appendix is to establish the relation-
ship between the integration constant µ, appearing in
the solutions (18), and the mass. In the Hamiltonian
approach, the gravitational action is
IT = IG +B, (A1)
where IG is the canonical action in phase space,
IG =
∫
ddx(πij g˙ij −N⊥H⊥ −N iHi), (A2)
and B is a boundary term, which is required in order to
guarantee that the action attain an extremum on shell
[35]. Here Hµ are the Hamiltonian generators of space-
time diffeomorphisms.
Replacing the ansatz (11) into the action, allows to
obtain a one-dimensional minisuperspace model whose
action,
IT = ∆t
Σd−2
Ωd−2
∫
N
2
d
dr
{
rd−1
Gk
[
Fγ(r) +
1
l2
]k}
dr +B,
(A3)
is a functional of the fieldsN := N⊥(r)f−2(r), and f2(r),
with Fγ(r) = (γ − f2(r))/r2. The field equations ob-
tained from (A3) reproduce (12) and (13). The bulk term
vanishes on the field equations, so that the variation of
the action (A3) on shell, is the boundary term
δIT = ∆t
Σd−2
Ωd−2
∫
d
dr
(
N
rd−1
2Gk
δ
[
Fγ(r) +
1
l2
]k)
dr
+ δB, (A4)
which means that the action is stationary on the black
hole solution provided
δB = −∆tN∞Σd−2
Ωd−2
δµ , (A5)
and consequently, the boundary term to be added is
B = −∆tN∞Σd−2
Ωd−2
µ+B0,
whereB0 is an arbitrary constant without variation. This
allows identifying the mass as
M =
Σd−2
Ωd−2
(µ− µ0), (A6)
where the lapse at infinity (N∞) has been chosen equal
to 1. In order to avoid naked singularities with positive
mass, the additive constant µ0 is set equal to zero for all
cases except for spherical black holes solutions of Chern
Simons theories (d = 2k + 1 and γ = 1), that is µ0 =
1
2Gk
δd−2k,γ .
An alternative way to obtain the mass and angular mo-
mentum for gravity theories with asymptotically locally
AdS behavior in even dimensions (d = 2n), has been re-
cently proposed [2,3]. This construction is fully covariant
and background independent. This provides an indepen-
dent check of formula (A6), which is summarized here.
The demand on the action Ik to have an extremum for
asymptotically locally AdS spacetimes fixes the bound-
ary term that must be added to (1) as the integral of the
Euler density with a fixed coefficient [15],
IT = Ik + καn
∫
E2n , (A7)
where
αn = c
k
n :=
(−1)n+k+1l2(n−k)
2n
(
n−1
k
) . (A8)
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The invariance of (A7) under diffeomorphisms, provides
a conserved current through Noether theorem, d ∗ J = 0.
Assuming that the asymptotic region of the manifold is
∂M = R × Σγ , the conserved charge associated with
diffeomorphisms xµ → xµ + ξµ is
Q[ξ] =
∫
Σγ
ξµωabµ Tab, (A9)
where Tab is the functional derivative of the total La-
grangian in (A7) with respect to the curvature
Tab := δLT
δRab
. (A10)
The mass is obtained from (A9) for ξ = ∂t, without mak-
ing further assumptions about the matching with a back-
ground geometry or its topology. Thus, the mass for the
topological black holes given by (18) is
M = Q[∂t] = µ
Σd−2
Ωd−2
, (A11)
in agreement with the result obtained from the Hamilto-
nian formalism in even dimensions.
2. Entropy
In the semiclassical approximation the partition func-
tion is given by Z ≈ e−IE , where IE is the Wick rotated
version of the action (A3) given by
IE = −βΣd−2
Ωd−2
∫
∞
r+
N
2
d
dr
{
rd−1
Gk
[
Fγ(r) +
1
l2
]k}
dr
+ BE . (A12)
The on shell value of IE is given by BE and therefore
the Helmholtz free energy, F = IE/β = M − S/(κBβ),
is completely determined by the boundary term, where
(df2/dr)
∣∣
r+
= 4πβ−1. The boundary term BE is also
fixed requiring the action to have an extremum on the
Euclidean form of the geometry, which covers only the
exterior section of the black hole (r > r+). Its variation
is now given by
δBE = βδM − k 2πΣd−2
Ωd−2Gk
r
(d−2k−1)
+
(
γ +
r2+
l2
)k−1
δr+.
This implies that the variation of the entropy, as function
of the horizon radius, reads
δSk = k
2πκBΣd−2
Ωd−2Gk
r
(d−2k−1)
+
(
γ +
r2+
l2
)k−1
δr+. (A13)
This relation can be integrated to yield a closed expres-
sion for entropy as a function of r+, given in Eq. (35).
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